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THE SPECTRAL CURVE THEORY FOR (k, l)-SYMMETRIC CMC
SURFACES
LYNN HELLER, SEBASTIAN HELLER, AND NICHOLAS SCHMITT
Abstract. Constant mean curvature surfaces in S3 can be studied via their associated
family of flat connections. In the case of tori this approach has led to a deep understand-
ing of the moduli space of all CMC tori. For compact CMC surfaces of higher genus the
theory is far more involved due to the non abelian nature of their fundamental group.
In this paper we extend the spectral curve theory for tori developed in [21, 31] and for
genus 2 surfaces [19] to CMC surfaces in S3 of genus g = k · l with commuting Zk+1 and
Zl+1 symmetries. We determine their associated family of flat connections via certain
flat line bundle connections parametrized by the spectral curve. We generalize the flow
on spectral data introduced in [16] and prove the short time existence of this flow for
certain families of initial surfaces. In this way we obtain various families of new CMC
surfaces of higher genus with prescribed branch points and prescribed umbilics.
1. Introduction
Surfaces of constant mean curvature are stationary points of the area functional under
a volume constraint. Dropping this constraint yield minimal surfaces - those of zero
mean curvature - which are in Euclidean space never compact as a consequence of the
harmonicity of the conformal immersion. In this paper we are interested in compact CMC
surfaces in the round 3-sphere. These surfaces are related to CMC surfaces in other space
forms by the Lawson correspondence [27].
In analogy to euclidean minimal surfaces, CMC immersions from simply connected do-
mains into space forms can be parametrized via a generalized Weierstrass representation
[8]. But global questions concerning the construction of closed surfaces of genus g ≥ 2 are
very hard to tackle in this setup as the space of conformal CMC immersions of a disc D
or a plane is always infinite dimensional. Searching for periodic CMC immersions which
factor through a compact quotient D → D/Γ = M of genus g ≥ 2 is worse than searching
for a needle in a haystack, in particular because the Fuchsian group Γ is non-abelian.
In contrast, the abelian torus case is comparably well understood by applying integrable
systems methods introduced in the work of Abresch [1], Pinkall and Sterling [31], Hitchin
[21] and Bobenko [6] in the 1980s. These methods were used to produce various new
examples of CMC tori. Recently Hauswirth, Kilian and Schmidt studied the moduli space
of all minimal tori in S2 × R by integrable systems methods. They proved that properly
embedded minimal annuli in S2 ×R are foliated by circles [11, 12]. The technique (based
on the so-called Whitham deformation of the spectral data) has also been applied for
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the investigation of Alexandrov embedded CMC tori in S3 [13], giving an alternative ap-
proach to the conjectures of Lawson (proved by Brendle [6]) and Pinkall-Sterling (proved
by Andrews and Li [3] using Brendle’s method).
The situation is completely different for compact higher genus CMC surfaces, where only
few examples are known. Lawson [27] constructed closed embedded minimal surfaces
in the round 3-sphere for every genus and Kapouleas [23, 24] showed the existence of
compact CMC surfaces in Euclidean 3-space for all genera. All known examples have been
constructed implicitly, and even fundamental geometric properties like the area cannot be
explicitly computed.
In the integrable system approach to CMC surfaces a C∗-family of flat SL(2,C)-connections
λ ∈ C∗ 7→ ∇λ is associated to the immersion. Knowing the family of flat connections is
equivalent to knowing the CMC surface itself, as the surface is given by the gauge be-
tween two trivial connections ∇λ1 and ∇λ2 for λ1 6= λ2 ∈ S1 ⊂ C∗ with mean curvature
H = iλ1+λ2λ1−λ2 . By construction this family of flat connections is unitary for all λ ∈ S1. For
tori, due to their abelian fundamental group, ∇λ splits for generic λ ∈ C∗ into a direct
sum of flat line bundle connections. Thus for a CMC torus the associated C∗-family of
flat SL(2,C)-connections is given by spectral data parametrizing the corresponding fam-
ily of flat line bundles on the torus. If the closed CMC surface has higher genus the
associated flat SL(2,C)-connections are generically irreducible and therefore the abelian
spectral curve theory for CMC tori is no longer applicable. Nevertheless, for Lawson
symmetric CMC surfaces of genus 2 [19] it is still possible to characterize flat symmetric
SL(2,C)-connections in terms of flat line bundle connections via abelianization of the cor-
responding flat connections. Hence, the associated family ∇λ of a symmetric CMC surface
of higher genus is again determined by spectral data which parametrize flat line bundle
connections on a torus. But the unitarity condition for ∇λ along the unit circle λ ∈ S1
is only given implicitly in terms of the Narasimhan-Seshadri section. In order to find a
way of constructing spectral data satisfying the unitarity condition, a flow on the spectral
data was introduced in [16] restricting to surfaces corresponding to Fuchsian systems on
a 4 punctured sphere with the same pole behavior at each singularity. The flow is de-
signed to deform a known initial CMC surface in a direction which ”continuously” change
the genus of the surface but preserves the constant mean curvature property as well as
certain intrinsic and extrinsic closing conditions. For rational times the deformed surface
closes to a compact (but possibly branched) CMC surface and reaches an immersed CMC
surface at integer times. As a corollary of the short time existence of the flow for certain
initial values new families of compact branched CMC surfaces in S3 are obtained. The
purpose of this paper is to generalize the results in [19] and [16] to a more general class of
surfaces, namely those surfaces of genus g with commuting Zk+1 and Zl+1 symmetries of
genus g = k · l. Examples of surfaces with this properties are Lawson’s minimal surfaces
ξk,l, see [27]. Figure 2 illustrates the flow from the Lawson surface of genus 2, ξ2,1, to
the Lawson surface of genus 4, ξ2,2. It differs slightly from the proposed flow which goes
from the Clifford torus directly to the Lawson surface ξ2,2. Instead of flowing into the
(k, l)-direction, we go first from the Clifford torus ξ1,1 to the Lawson surface ξ2,1 and from
there to ξ2,2. But it should be mentioned that the flows into the k and into the l direction
are locally commuting where they exist (see also Remark 6), and therefore the picture is
still adequate to illustrate our theory.
The paper is organized as follows: We first describe the integrable systems setup for CMC
surfaces in which the non linear PDE H ≡ const is translated into a system of linear ODEs,
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namely a C∗-family of flat SL(2,C)-connections and how to reconstruct a CMC surface
from a given family of connections. Then we describe the Riemann surface structures
of (k, l)-symmetric surfaces. In Section 4 we summarize the abelianization procedure for
Fuchsian systems on a 4-punctured sphere carried out in [15] and show how to relate
a C∗-family of Fuchsian systems satisfying certain properties to the associated family
of flat connections of a CMC surface with boundary. Under some rationality condition
the analytic continuation of the CMC surface close to a compact (and possibly branched)
CMC surface with (k, l)-symmetry (Section 4.2). In Section 5 we first describe the spectral
data for the CMC tori which are the initial points of our flow. Then we define the flow
on these spectral data for every direction q ∈ R. The short time existence of the flow
follows immediately from [16]. Thus for initial data given by homogeneous CMC tori we
obtain a unique flow for every q ∈ R. In particular, we have that flowing the Clifford
torus in direction q ∈ Q is equivalent to the flow of Plateau solutions by changing the
angle of the fundamental piece in Lawson’s construction. The flow reaches the minimal
surfaces ξk,l for q =
(2k+2)(l−1)
(2l+2)(k−1) . Further, for every direction q ∈ R, there are two distinct
flows starting at the 2-lobed Delaunay tori of spectral genus 1. For every initial surface,
each direction q ∈ Q and every rational time, we obtain thus a closed CMC surface with
prescribed branch points and umbilics.
2. CMC Surfaces via Integrable Systems Methods
We consider conformal immersions f : M → S3 from a compact Riemann surface to the
round 3-sphere with constant mean curvature H. In integrable surface theory the elliptic
PDE H ≡ const. is studied via a system of linear ODEs on the Riemann surface, namely
a C∗-family ∇λ of flat SL(2,C) connections on the trivial C2 bundle over M , see [21] or
[6, 17].
Theorem 1 ([21, 6]). Let f : M → S3 be a conformal CMC immersion. Then there exists
an associated family of flat SL(2,C)-connections
(2.1) λ ∈ C∗ 7→ ∇λ = ∇+ λ−1Φ− λΦ∗
on a hermitian rank 2 bundle V → M, where Φ is a nilpotent and nowhere vanishing
complex linear 1-form and Φ∗ is its adjoint. The family ∇λ is unitary along S1 ⊂ C∗ and
trivial for λ1 6= λ2 ∈ S1.
Conversely, given such a family of flat connections, the gauge between the trivial SU(2)
connections ∇λ1 and ∇λ2 is an immersion into S3 = SU(2) of constant mean curvature
H = iλ1+λ2λ1−λ2 .
Remark 1. The unitarity condition for ∇λ for λ ∈ S1 is necessary to obtain a CMC
map into S3 = SU(2), and the fact that these connections are well-defined on the surface
is equivalent to the intrinsic closing condition, since it yields a well-defined metric on M
which gives rise to a solution of the Gauss-Codazzi equations. The Sym point condition
or the extrinsic closing condition is that there exist λ1, λ2 ∈ S1 such that the connections
∇λi have trivial monodromy. The surface closes on a covering of M if the monodromy at
the Sym points is a rotation by a rational angle.
Theorem 2 ([21, 17, 9]). The C∗-family of flat SL(2,C)-connections ∇λ is trivial for all
λ if and if the surface is totally umbilic. Further, the family of connections ∇λ is reducible
for all λ if and only if the surface is a (branched covering of a) CMC torus.
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The theorem explains why integrable systems methods have only been very successful in
the study of CMC tori. For M being a torus ∇λ splits generically into the direct sum of
two line bundle connections over M . To be more concrete: For generic λ0 ∈ C∗ there is a
neighborhood of λ0 and a splitting C2 = L+λ ⊕ L−λ such that ∇λ is gauge equivalent to
d+
(−χ(λ)dw¯ + α(λ)dw 0
0 χ(λ)dw¯ − α(λ)dw
)
,
where dw is the holomorphic 1-form on the torus M and χ and α are holomorphic functions
in λ parametrizing the induced holomorphic and anti-holomorphic structures of Lλ. It is
shown in [21] that the splitting fails only at finitely many points λi ∈ C∗, where the
eigenlines of the monodromy L±λ coalesce. This can only happen if the connections on L
±
λi
are self-dual, i.e., if the holomorphic line bundle Lλi over M is a spin bundle. By replacing
the parameter plane C∗ by a double covering Σ of CP1 branched at the exceptional λi and
at λ = 0, λ = ∞, globally defined holomorphic maps χ and α can be obtained [21]. The
(compact) hyper-elliptic Riemann surface Σ is called the spectral curve of the CMC torus.
Note that by demanding ∇λ to be unitary on the unit circle, the spectral curve Σ inherits
a real involution covering λ 7→ λ¯−1 and the holomorphic map α is already determined by
the map χ. As was shown in [21] the family of flat SL(2,C)-connections ∇λ and hence
the corresponding CMC torus can be reconstructed from the holomorphic data (χ,E) on
Σ, where E is a point in the Picard variety of Σ determined by evaluating the parallel
eigenlines Lξ, ξ ∈ Σ at a fixed p ∈ T 2.
If M is of higher genus g ≥ 2, then we cannot obtain interesting examples by looking at
families of reducible connections. Thus there is no straight forward generalization of the
theory developed in [21, 31] to higher genus surfaces. Nevertheless, integrable systems
methods can be applied [17, 18, 19, 16] to obtain a better understanding of higher genus
CMC surfaces. It has been proven very useful to first determine only the gauge equivalence
classes [∇λ] of the connections. Thus let A2 = A2(M) be the moduli space of flat SL(2,C)-
connections modulo gauge transformations. The space A2 inherits the structure of a
complex analytic variety of dimension 6g − 6 whose singularity set consists of the gauge
classes of reducible connections [10, 22]. Note that a necessary condition for the Sym
point condition to hold is that the corresponding ∇λi are reducible.
For a CMC surface f with associated family of flat connections ∇λ consider the map
D : C∗ → A2, λ 7→ [∇λ].
The map D does not uniquely determine a CMC surface in S3 in general but those CMC
surfaces corresponding to the same D are related by a well understood transformation
called dressing, see [19]. In the case where ∇λ is generically irreducible, there are only
finitely many dressing transformations (Theorem 7 in [19]), since they correspond to re-
ducible connections in the family ∇λ. For CMC tori, these dressing transformations are
generically the isospectral deformations induced by a shift of the eigenline bundle, see
[28].
Theorem 3. Let M be a Riemann surface and let D : C∗ → A2(M) be a holomorphic
map such that
(1) the unit circle S1 ⊂ C∗ is mapped into the real analytic subvariety consisting of
gauge equivalence classes of unitary flat connections,
(2) around λ = 0 there exists a local lift ∇˜λ of D with an expansion
∇˜λ ∼ λ−1Ψ + ∇˜0 + higher order terms in λ
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for a nilpotent Ψ ∈ Γ(M,K End0(V )),
(3) there are two distinct points λ1,2 ∈ S1 ⊂ C∗ such that D(λk) represents the trivial
gauge class,
then there exists a (possibly branched) CMC surface f : M → S3 inducing the map D.
Further, the surface f is unique up to dressing transformations and the branch points of
f are the zeros of Ψ.
This theorem was proven for generically irreducible connections in [19] and in the case of
reducible connections it follows from [21].
Remark 2. Since D maps into the real analytic subvariety consisting of gauge equivalence
classes of unitary flat connections along the unit circle, D is already determined by its
induced family of gauge classes of holomorphic structures (∇λ)′′ on the closed unit disc
centered at λ = 0 by the Schwarzian reflection principle.
3. (k, l)-symmetric Riemann surfaces
We consider compact CMC surfaces of genus g = k · l equipped with commuting Zk+1
and Zl+1 symmetries preserving the orientation of the surfaces and the ambient space.
Moreover, we assume that Zk+1 has 2l+ 2 fix points, and Zl+1 has 2k+ 2 fix points, all of
total branch order k and l respectively. Examples of (k, l)-symmetric CMC surfaces are
provided by Lawson [27] - the Lawson minimal surfaces ξk,l.
We want to compute the Riemann surface structure M as well as the Hopf differential
of (k, l)-symmetric CMC surfaces. Note that the Riemann surfaces M/Zk+1 and M/Zl+1
are both the Riemann sphere as a consequence of the Riemann-Hurwitz formula. Let
us denote the fixed points of the Zk+1-action by Q1, .., Q2l+2 and the fixed points of
Zl+1 by P1, .., P2k+2. Then CP1 = M/Zk+1 has 2l + 4 marked points, the images of
Q1, .., Q2l+2 which we denote by the same symbols again, and the images p+, p− of the set
{P1, .., P2k+2}. That we have exactly two points p+ and p− follows from the fact that Zk+1
and Zl+1 are commuting. Another consequence of this assumption is that Zl+1 acts on
CP1 = M/Zk+1 with fix points p+, p−, and such that the points Q1, .., Q2l+2 lie in exactly
two orbits of the Zl+1-action.
Conversely, to obtain a (k, l)-symmetric Riemann surface we start with the Riemann
sphere with 4 marked points, which we can assume without loss of generality to be p+ = 0,
p− =∞, and q+ = 1, q− = m ∈ C. Then we take the (l + 1)-fold covering
CP1 → CP1, z 7→ zl+1,
such that the preimages of q+, q− are 2l + 2 points which we denote by Q1, .., Q2l+2 ∈
CP1(= M/Zk+1). We define M to be the (k + 1)-fold covering of this CP1 with 2l + 4
marked points as indicated in the following diagram:
M
mod Zk+1

M/Zk+1 = CP1
mod Zl+1∼= z 7→zl+1

(M/Zk+1)/Zl+1 = CP1.
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The Hopf differential Q of a (k, l)-symmetric CMC surface is invariant under Zk+1 as well
as Zl+1. Hence it is the pull-back of a meromorphic quadratic differential on CP1 with at
most simple poles at z = 0, 1,m,∞ and no other poles. Since the CMC surface is not
totally umbilic, Q is the pull-back of a non-zero multiple of
(dz)2
z(z − 1)(z −m) .
By similar arguments it is possible to prove that its associated C∗-family of flat connections
can be pushed down to a family of singular connections on the 4-punctured sphere. This
has been carried out in detail for the Lawson surface ξ2,1 in [18]. Point-wise in λ it can
also be deduced from [4].
Lemma 1. Consider the (k+ 1)(l+ 1)-fold covering h : M → CP1 branched over 4 points
0, 1,m and ∞ ∈ CP1. Assume as above that h branches over 0 and ∞ with order l, and
over 1,m with order k. Then, the pull-back by h of the connection
d± n0
l + 1
dz
z
± n1
k + 1
(
dz
z − 1 −
dz
z −m)
has trivial monodromy on M for all n0, n1 ∈ Z.
Proof. Because the C∗-valued monodromy representation of d± n0l+1 dzz ± n1k+1( dzz−1− dzz−m) is
given by the multiplication of the monodromy representations of the connections d± n0l+1 dzz
and d± n1k+1( dzz−1 − dzz−m), it is enough to prove the assertion for either n0 = 0 or n1 = 0.
By symmetry, we can simply restrict to the case of n1 = 0. Let h˜ denote the map M →
CP1 = M/Zk+1 with p+ = 0, p− =∞. Then
dh˜
h˜
=
1
l + 1
dh
h
= h∗(
1
l + 1
dz
z
)
and we obtain that h˜∓n0 is a globally well-defined parallel section of the connection d ±
n0
l+1
dz
z on M . 
4. Abelianization of Fuchsian Systems and (k, l)-symmetric surfaces
In the second section we have described the integrable systems approach to CMC surfaces
via their associated family of flat SL(2,C)-connections. Symmetries of the surface induce
symmetries of the associated family viewed as a complex curve in A2(M). In this section
we want to study CMC surfaces such that their associated family of SL(2,C)-connections
is gauge equivalent (by a λ-dependent gauge) to a family of Fuchsian Systems on a 4-
punctured sphere. In this case, although the connections ∇λ do not split into line bundle
connections, abelianization [19, 15] gives a 2-to-1 correspondence between A1(T 2) the
space of flat line bundle connections on a torus T 2 and A2(M). Thus the map D needed
in Theorem 3 can be determined by families of line bundle connections on T 2. However,
we need to pay special attention that the 2-to-1 correspondence has branch points, and we
are again forced to use a spectral curve Σ in order to parametrize families of line bundle
connections giving rise to the associated C∗-families of CMC surfaces. Moreover, we need
to guarantee that D maps the preimage of the unit circle (inside the spectral curve) to
gauge equivalence classes of unitary flat connections.
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We need to fix some notations first. A Fuchsian System on the Riemann sphere with 4
punctures z0 = 0, z1 = 1, z2 = m, z3 = ∞, for some m ∈ C \ {0, 1} is a meromorphic
connection on the trivial bundle V = C2 of the form
(4.1) ∇ = d+A0dz
z
+A1
dz
z − 1 +A2
dz
z −m,
where we choose Ai ∈ sl(2,C). In this setup ∇ has automatically a singularity in z = ∞
with residue A3 = −A0 −A1 −A2.
The conjugacy class of the local monodromy around a puncture zi is determined by the
eigenvalues ±ρˆi of Ai. Necessary conditions for the monodromy representation to be uni-
tary up to conjugation (unitarizable monodromy) are posed by [5], the so called Biswas
conditions. We restrict to the case where ρˆi ∈]0, 12 [ here, and for explaining the Biswas
condition the notion of a parabolic structure turns out to be useful.
A Fuchsian system (4.1) on a punctured sphere naturally defines a parabolic structure
as follows: Let V : C2 → CP1 be the trivial holomorphic bundle and let Ei denote the
eigenspace of the residue Ai ∈ sl(2,C) of ∇ at zi with respect to the positive eigenvalue
ρˆi. A parabolic structure on V is given by a filtration of the fibers of V at the singular
points zi
0 ⊂ Ei ⊂ Vzi
together with a weight filtration (ρˆi,−ρˆi), i.e., the line Ei is equipped with the weight ρˆi
and Vzi \ Ei is equipped with the weight −ρˆi, see for example [29, 32]. To a holomorphic
line subbundle L ⊂ V we assign its parabolic degree
par-degL = degL+
3∑
i=0
γi,
where either γi = ρˆi if Lzi = Ei, or γ = −ρˆi. Equivalent Fuchsian systems (by conjugation)
yield equivalent parabolic structures. A parabolic structure is called (semi-)stable if the
parabolic degree of every holomorphic line subbundle L is strictly negative (≤ 0). The
correspondence between stable parabolic structures and irreducible Fuchsian systems with
unitarizable monodromy is 1-to-1 by the Riemann-Hilbert correspondence for SL(2,C)
and by the Mehta-Seshadri correspondence [29].
Two Fuchsian systems inducing the same parabolic structure differ by a parabolic Higgs
field, i.e., a meromorphic 1-form
Ψ ∈ H1,0(CP1 \ {z0, ..., z3}, sl(2,C))
with first order poles at zi such that Ei lies in the kernel of the residues of Ψ. Hence, the
determinant of Ψ has at most first order poles at the singularities.
4.1. Abelianization. In the abelian case of a reducible SL(2,C) connection, the connec-
tion is (generically) given as the direct sum of line bundle connections. If ∇ is irreducible,
the Fuchsian system is still determined by certain flat line bundle connections. The line
bundles are the eigenlines of a parabolic Higgs field Ψ with non-zero determinant. The
correspondence between these line bundle connections and ∇ extends to the exceptional
Fuchsian systems which do not permit a Higgs field with non-zero determinant. We briefly
summarize the relevant results of [15] here.
Let ∇ be a Fuchsian system as defined in (4.1) with (semi-)stable parabolic structure. We
first consider the case where ∇ has a parabolic Higgs field Ψ with non-zero determinant.
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Since the residues of Ψ are nilpotent and because deg(K2) = −4 for CP1, there exists a
c ∈ C∗ with
det Ψ = c
(dz)2
z(z − 1)(z −m) .
Without loss of generality we can choose c = 1. The eigenlines of Ψ are thus well defined on
a double covering of CP1 branched at 0, 1,m and ∞, which is a complex torus T 2 = C/Γ.
Let Γ = Span{1 + τ, 1 − τ} for some τ ∈ C \ R. Without loss of generality the elliptic
involution σ inducing pi : T 2 → CP1 = T 2/σ is given by [ω] 7→ [−ω]. Thus the preimages of
the branch points 0, 1,m,∞ ∈ CP1 are ω0 := [0], ω1 := [12− τ2 ], ω2 := [1] and ω3 := [12 + τ2 ].
Let L± denote the Eigenlines of pi∗Ψ. Since
(4.2) L+ ⊗ L− = L+ ⊗ σ∗L+ = L(−ω0 − ...− ω3),
the eigenlines L± have degree −2. Let S := L(−2ω0)(= L(−2ωi)). Then we have σ∗S = S
and S2 = L(−ω0 − ...ω3), because there exists a meromorphic function on T 2 with a pole
of order 3 in ω0 and simple zeros at the other ωi, e.g. the derivative of the Weierstrass
℘-function. From (4.2) we get the existence of an E ∈ Jac(T 2), where Jac(T 2) ∼= C/Λ is
the moduli space of holomorphic line bundles on T 2 of degree 0, such that
L+ = S ⊗ E, L− = S ⊗ E∗.
Let ∇S be the connection on S∗ such that the connection ∇S ⊗∇S on (S∗)2 annihilates
the holomorphic section sω0+...+ω3 with simple zeros at ωi. Then by construction ∇S has
simple poles at ωi with residues −12 . A computation in local coordinates (see [15]) shows
that with respect to the splitting V = E ⊕ E∗ the connection ∇ˆ = ∇ ⊗ ∇S is gauge
equivalent to
(4.3) ∇ˆ = ∇ˆα,χ = d+
(
αdw − χdw¯ β−
β+ −αdw + χdw¯
)
,
where w is the coordinate on C, α, χ ∈ C are suitable complex numbers, and β± = β±χ are
meromorphic sections of the holomorphic line bundles given by the holomorphic structures
∂¯
C±2χdw¯
with simple poles at w0, .., w3. Using ϑ-functions, we can write down the second funda-
mental forms β± of ∇ˆ with respect to the decomposition E ⊕ E∗ explicitly as long as
L(∂¯−χdw¯) is not a spin bundle of C/Γ. Note that spin bundles correspond to the ex-
ceptional cases where the parabolic structure does not admit a non-zero parabolic Higgs
field. Further, the residue of ∇ˆ at wi is given by
Resωipi
∗∇ˆ =
(
0 2ρˆi − 12
2ρˆi − 12 0
)
.
In [16] we considered the case where the associated family ∇λ was gauge equivalent to
Fuchsian systems with weights ρi := 2ρˆi− 12 = ρ independent of i (and λ). In the following
we want to consider the case where we have two distinct pairs of weights. More concretely,
we want to restrict to the case with ρ0 = ρ2 and ρ1 = ρ3. We will see below that this is
the appropriate setup to study (k, l)-symmetric CMC surfaces.
Theorem 4 ([15]). Let ρ0 = ρ2, ρ1 = ρ3 ∈]− 12 , 12 [. Away from holomorphic line bundles
∂¯−χdw¯ with χ ∈ pii(1+τ)2(τ−τ¯) Z + pii(1−τ)2(τ−τ¯) Z ≡ 12Λ, (4.3) gives rise to a 2-to-1 correspondence
between the moduli space A1(T 2) of flat line bundles on T 2 and an open dense subset of
the moduli space A2ρ0,..,ρ3(CP1 \{z0, .., z3}) of flat SL(2,C)-connections on the 4-punctured
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sphere CP1 \ {z0, .., z3} with local monodromies (around zi) lying in the conjugacy class
determined by ρi.
This 2-to-1 correspondence extends to holomorphic line bundles ∂¯−χdw¯ with χ = γ ∈ 12Λ
in the following way: Assume α(χ) is a holomorphic map on U ⊂ C\(12Λ) and γ ∈ U¯∩ 12Λ.
Then, the SL(2,C)-connections ∇χ,α(χ) on CP1 \ {z0, .., z3} determined by (4.3) extend to
χ = γ (after suitable gauge transformations) if and only if α expands around χ = γ as
(4.4) α(χ) ∼γ 2pii
τ − τ¯
µγ
χ− γ + γ¯ + higher order terms in χ,
for
µγ =

±(ρ0 + ρ1) if γ ∈ Λ
±(ρ0 − ρ1) if γ ∈ 2piiτ−τ¯ + Λ.
0 else
Moreover, the induced parabolic structure at χ = γ is stable, strictly semi-stable or unstable
if µγ > 0, µγ = 0 or µγ < 0, respectively.
A proof of theorem can be found in [15]. Note that we express the expansion formula
(4.4) in terms of the weights on C/Γ instead of the weights CP1 \ {z0, ..., z3} as in [15].
Remark 3. Consider a CMC surface whose associated family of flat connections is gauge
equivalent to a family of Fuchsian systems. At the Sym points λi ∈ S1 ⊂ C∗ the corre-
sponding Fuchsian system splits into line bundle connections. Thus its is necessary that
the corresponding parabolic structure is strictly semi-stable. Therefore, the existence of
parabolic structures with µγ = 0 is an obstruction for the existence of closed CMC surfaces
with the given weights.
We use (ρ0, ρ1, χ, α) to parametrize flat connections of the form (4.3) with four simple
poles at ω0, ...ω3 on T
2, where we consider χ as a point in Jac(T 2) and the tuple (χ, α)
as a point A1(T 2), the moduli space of flat line bundle connections on T 2, via
(χ, α) 7→ d+ αdw − χdw¯.
By the Mehta-Seshadri Theorem [29] and [15] there is a unique α = αuρ0,ρ1(χ) ∈ C for every
χ ∈ C\ (12Λ) such that the monodromy representation of the connection given by (4.3) for
(ρ0, ρ1, χ, α
u
ρ(χ)) is unitarizable. In fact, for every ρ0, ρ1 ∈]− 12 , 12 [ this map χ 7→ αuρ0,ρ1(χ)
induces a real analytic section of the affine holomorphic bundle A1(T 2)→ Jac(T 2) which
we denote by
(4.5) αMSρ0,ρ1 ∈ Γ(Jac(T 2) \ {0},A1(T 2)).
satisfying αMSρ0,ρ1([∂¯−χdw¯]) = [d + αuρ0,ρ1(χ)dw − χdw¯]. Note that αuρ0,ρ1 satisfies the fol-
lowing functional properties:
αuρ0,ρ1(χ+
2pii(1 + τ)
τ − τ¯ ) = α
u
ρ(χ) +
2pii(1 + τ¯)
τ − τ¯ τ¯
αuρ0,ρ1(χ+
2pii(1− τ)
τ − τ¯ ) = α
u
ρ(χ) +
2pii(1− τ¯)
τ − τ¯
(4.6)
for all ρ0, ρ1 ∈] − 12 , 12 [ and χ ∈ C \ 12sΛ. As in the case considered in [16] we have the
following lemma holds.
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Lemma 2. Let T 2 = C/((1 + τ)Z+ (1− τ)Z) and ρ0, ρ1 ∈ [0, 12 [. Then, the section αMSρ0,ρ1
in (4.5) is odd with respect to the involution on Jac(T 2) induced by dualizing. If τ ∈ iR
then αMSρ0,ρ1 is real in the following sense:
αuρ0,ρ1(χ¯) = α
u
ρ0,ρ1(χ)
for all χ ∈ C \ (pii(1+τ)τ−τ¯ Z+ pii(1−τ)τ−τ¯ Z).
Theorem 5. Let ρ0, ρ1 ∈]0; 12 [ and let λ : Σ→ D1+ ⊂ C be a double covering of the (1+)
disc branched over finitely many points λ0 = 0, λ1, .., λk in the closed unit disc. Further,
let χ : Σ → Jac(T 2) be an odd map (with respect to the involution σ on Σ induced by λ)
and Dˆ be an odd meromorphic lift of χ to A1(T 2) satisfying the following conditions:
(1) χ(λ−1(0)) = 0 ∈ Jac(T 2);
(2) Dˆ has a first order pole over λ−1(0);
(3) Dˆ has a first order pole satisfying the condition induced by (4.4) at every ξ0 ∈
Σ \ λ−1({0}) with χ(ξ0) ∈ 12Λ and no further singularities, where Λ = pii(1+τ)τ−τ¯ Z+
pii(1−τ)
τ−τ¯ Z is the lattice generating Jac(T
2);
(4) for all ξ ∈ λ−1(S1) : Dˆ(ξ) = αMSρ (χ(ξ));
(5) there are two points ξ1, ξ2 ∈ λ−1(S1) ⊂ Σ satisfying
χ(ξ1) = [
pii(1 + τ)
2τ − 2τ¯ ] ∈ Jac(T
2), χ(ξ2) = [
pii(1− τ)
2τ − 2τ¯ ] ∈ Jac(T
2).
Then there exists a conformal CMC immersion
f : Tˆ 2 \ (l1 ∪ l2 ∪ l3 ∪ l4)→ S3
whose associated family of flat connections (see Theorem 1) is determined by (Σ, χ, Dˆ),
where Tˆ 2 = C/(2Z + 2τZ) is the double covering of T 2 and l1 = {[t | t ∈ [0; 1]}, l2 =
{[1+τ2 + t] | t ∈ [0; 1]}, l3 = {[τ + t] | t ∈ [0; 1]} and l4 = {[1+3τ2 + t] | t ∈ [0; 1]} as indicated
in Figure 1.
Proof. We want to apply Theorem 3 to obtain the CMC surface. For ρ0, ρ1 ∈]0, 12 [ the
connections given by (4.3) are generically irreducible and Dˆ induces a meromorphic map
D into the moduli space of flat SL(2,C)-connections A2(T 2\(l1∪l2)). Since the Dˆ(σ(ξ)) =
(D(ξ))∗, where ()∗ is the gauge equivalence class of the dual connection on the dual line
bundle, we obtain D(σξ) = Dˆ(ξ) by (4.3). By Theorem 4 D is a well defined map from
D1+ \ {0} to A2ρ0,ρ1,ρ0,ρ1(CP1 \ {0, 1,m,∞}).
Condition (1) and (2) ensure that the family of connections has the right asymptotic
behavior at λ = 0. To see this let ξ2 = λ be local coordinates for Σ around λ−1(0). Then
for χ(0) = 0, there exists by Theorem 4 a local map α0(ξ) with a first order pole at ξ = 0
such that the the corresponding equivalence class [∇χ,α0 ] given by (4.3) is well defined in
A2(T 2 \ {ω0, ..., ω3})1. The difference between D and [∇χ,α0 ] is given by a family of Higgs
fields Ψ(ξ) (in diagonal form w.r.t. E ⊕ E∗) and first order poles in ξ on the diagonals.
Thus its determinant is given by
det(Ψ(ξ)) = c
2
ξ2
dz + holomorphic terms in ξ,
1If the map D has no pole at λ = 0 then it has also no pole at λ = ∞. Thus it would be a constant
map with χ(0) = 0 and therefore D cannot meet condition (5).
THE SPECTRAL CURVE THEORY FOR (k, l)-SYMMETRIC CMC SURFACES 11
Figure 1. The white rectangle represents the fundamental piece of the torus T 2
which is doubly covered by the blue rectangle representing Tˆ 2. The 4 singular points
in T 2 becomes 8 singular points on Tˆ 2, and the CMC immersion is well-defined on Tˆ 2
without 4 cuts connecting pairs of singular points.
i.e., it has a first order pole in λ. But D and [∇χ,α0 ] are well defined (meromorphic) in
terms of λ. Thus Ψ(ξ) can be meromorphically parametrized in λ. Let
Ψ(λ) ∼ 1λΨ−1 + holomorphic terms in λ,
Then det( 1λΨ−1) ∼ c
2
λ dz yields detΨ−1 = 0. Thus Ψ−1 ∈ sl(2,C) has zero determinant
and hence it must be nilpotent.
By condition (3) there are no further singularities of D on D1+ other than at λ = 0
and by (4) the map D maps into the real subvariety of A2 consisting of the equivalence
classes of the SU(2) connections. Thus by the Schwarzian reflexion principle there exist
a continuation of D to C∗. It remains to show that the Sym point conditions are fulfilled
on Tˆ 2 \ (l1 ∪ l2 ∪ l3 ∪ l4), which we proof in the following Lemma. 
Lemma 3. The condition (5) in Theorem 5 ensures that the monodromy of the corre-
sponding flat connection ∇λj at a Sym point λj ∈ S1 is trivial on Tˆ 2 \ (l1 ∪ l2 ∪ l3 ∪ l4).
Proof. The connection ∇λj is unitary and has a strictly semi-stable induced parabolic
structure by condition (5) and Theorem 4 (see also §2.4 in [15]). The corresponding
Fuchsian system on CP1 \ {0, 1,m,∞} is diagonal and a computation shows that its
diagonal entries have the following form
d± ρˆ0dz
z
± ρˆ1( dz
z − 1 −
dz
z −m),
where ρˆi =
ρi
2 +
1
4 . The ”vertical monodromy” on Tˆ
2 \ (l1 ∪ l2 ∪ l3 ∪ l4) is then given by
the monodromy around the punctures 0 and ∞ on CP1 and the ”horizontal monodromy”
by the monodromy around the punctures 1 and m. Both of these monodromies are trivial
(independently of the actual sign for the line bundle connection). 
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4.2. Rational weights ρ0 and ρ1. We are primary interested in closed surfaces. For
rational weights ρ0, ρ1 we can guarantee that the analytic continuation of a CMC surface
provided by Theorem 5 is automatically closed. Moreover, we can control its genus as well
as its branch points and umbilics.
Theorem 6. Let ρ0, ρ1 ∈ Q with p0q0 =
2ρ0+1
4 and
p1
q1
= 2ρ1+14 for coprime p0, q0 and p1, q1,
respectively. Set
k =
{
q0 − 1
q0
2 − 1
, r0 =
{
2p0 if q0 is odd
p0 if q0 is even
and
l =
{
q1 − 1
q1
2 − 1
, r1 =
{
2p1 if q1 is odd
p1 if q1 is even
.
Then, the analytic continuation of a CMC surface
f : T 2 \ (∪4i=1li)→ S3
given in Theorem 5 is a compact CMC surface of genus g = k · l. Moreover, the surface
has 2k + 2 many umbilical branch points Pi of branch order l − r1 and umbilical order
r1 − 1, and 2l + 2 many umbilical branch points Qj of branch order k − r0 and umbilical
order r0 − 1.
Proof. We first prove that the analytic continuation of the CMC surface as given in Theo-
rem 5 is closed on the (k, l)-symmetric covering M of the 4-punctured sphere determined
by the elliptic covering T 2 → CP1. Then the statement concerning the genus automati-
cally follows from Riemann-Hurwitz. The key point is that the extrinsic closing condition
(condition (5) in Theorem 5) guarantees that the connections are reducible (as well as
unitary) at the Sym points λj , see the proof of Lemma 3. The connection ∇λj is thus
gauge equivalent to a Fuchsian system on the 4-punctured sphere which reduces to the
direct sum of flat line bundle connections. In fact, it can be computed that ∇λj is gauge
equivalent to
d+
(± n02l+2 dzz ± n12k+2( dzz−1 − dzz−m) 0
0 ∓ n02l+2 dzz ∓ n12k+2( dzz−1 − dzz−m)
)
where n0, n1 ∈ 12Z \ Z. Thus by tensorizing the whole family of flat connections ∇λ with
the diagonal connection
dS := d+
1
2l + 2
dz
z
+
1
2k + 2
(
dz
z − 1 −
dz
z −m),
we obtain that the connections at the Sym points ∇λj ⊗ dS are trivial by Lemma 1.
The branch orders and umbilic orders of the points Pi and Qj follows by an analogous
computation as in Theorem 5 of [16]. 
Remark 4. We obtain immersed (unbranched) CMC surfaces for spectral data corre-
sponding to ρ0 =
k−1
2k+2 and ρ1 =
l−1
2l+2 for all integers k and l.
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5. The generalized Whitham flow
The key issue of the theory is to construct appropriate spectral data satisfying all condi-
tions of Theorem 5. The main problem is to satisfy the unitarity condition for ∇λ along
λ ∈ S1. This is due to the implicitness of the Narasimhan-Seshadri section for higher
genus surfaces. In [16] we introduced a method to overcome this problem for Zg+1 sym-
metric surfaces by flowing from know spectral data of a CMC torus towards higher genus
data while preserving the unitarity along S1 using the weight ρ as the flow parameter.
In this section we want to generalize this flow to yield (k, l)-symmetric surfaces. We fix
the ratio of the weights ρ0 and ρ1 to be q ∈ R+, which we consider as the flow direction.
For rational directions we obtain closed but possibly branched surfaces at rational times
and immersed surfaces for integer times. Compared to the situation [16] the initial CMC
immersion is not well-defined on the torus T 2 corresponding to the abelianization but only
on its double covering Tˆ 2. Thus we need to ensure that the spectral data for CMC tori
computed in [16] are still well defined as a map into the Jacobian of T 2, which double
covers the Jacobian of Tˆ 2. Because Lemma 2 holds for rhombic tori, we can use the same
function spaces as in [16] and the short time existence of the flow for every given flow
direction follows analogously.
Remark 5. The CMC surfaces with Zg+1 symmetry constructed in [16] can be considered
as a special case of the Theorems 5 and 6 for ρ0 = ρ and ρ1 = 0. In particular, they all
have an additional commuting Z2-symmetry with 2g + 2 fix points.
5.1. Flowing homogeneous CMC tori. Homogenous tori are the simplest CMC tori
in S3. They are given by the product of two circles with different radii and can be
parametrized by
f(x, y) = (1re
irx, 1se
isy) ⊂ S3 ⊂ C2, r, s ∈ R, r2 + s2 = 1.
Thus (simply wrapped) homogenous tori always have rectangular conformal types and we
identify Tˆ 2 = C/Γ where Γ = 2Z + 2τZ for some τ ∈ iR≥1. The Jacobian of Tˆ 2 is given
by Jac(Tˆ 2) = C/( pii2τZ+
pii
2 Z)
Homogenous tori are of spectral genus 0 thus their spectral curve Σ is given by the algebraic
equation
ξ2 = λ.
Since CP1 is simply connected, every meromorphic map
χ : CP1 → Jac(Tˆ 2) = C/Λˆ
lifts to C as a meromorphic function χˆ.
The torus T 2 used for the abelianization is given by C/((1+ τ)Z+(1− τ)Z) and is doubly
covered by Tˆ 2. Thus χ is also a well defined map into the bigger Jacobian Jac(T 2). In [16]
we have computed χ (after a shift) to be
(5.1) χˆ(ξ) = piiR4τ ξdw¯
for R =
√
1 + τ τ¯ .
The extrinsic closing condition is that there exist of four points
±ξ1,±ξ2 ∈ S1 ⊂ C∗
with
χˆ(±ξ1,2) ∈ pii(1+τ)4τ dw¯ + Λˆ.
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Figure 2. The deformation of minimal surfaces from the Lawson surface ξ2,1 of
genus 2 to ξ2,2 of genus 4. An order 2 symmetry of the initial surface with six fixed
points is opened along three cuts until it reaches an order 3 symmetry. The final surface
is shown before and after the missing piece is filled in.
This is exactly the closing condition (5) in Theorem 5, since Λˆ = pii2τZ+
pii
2 Z. The proof of
the following theorem works analogously to the proof of Theorem 6 in [16].
Theorem 7. Let q ∈ R+ and τ ∈ iR≥1. Further, consider the homogenous CMC torus
f : Tˆ 2 = C/(2Z + 2τZ) → S3 with χ(ξ) = R0 pii4τ ξ, where R0 =
√
1 + τ τ¯ ∈ [√2, 2[ and
T 2 = C/(1 + τ)Z + (1 − τ)Z). Moreover, let ρ0 = t and ρ1 = qt. Then for t ∼ 0 there
exist a unique χt : {ξ | |ξ| < 1 + } → Jac(T 2) and a lift Dt : {ξ | |ξ| < 1 + } → A1(T 2)
satisfying the conditions of Theorem 5.
Thus there exists a flow of closed CMC surfaces f t with boundaries. For rational t, q ∈ Q
the analytic continuation of the surfaces are closed and give compact (possibly branched)
CMC surfaces.
Remark 6. Instead of fixing the ratio q = ρ1ρ0 and using t = ρ0 as a flow parameter, we
could have considered ρ0 and ρ1 as two independent flow parameters for commuting flows.
Hence, locally around the (stable) homogeneous CMC tori, there is a 2-dimensional space
of admissible spectral data for CMC surfaces of the ”same conformal type” determined by
the branch images 0, 1,m,∞ ∈ CP1. If we would also allow the conformal type to change,
we would get a 3-dimensional space with local parameters (ρ0, ρ1,m) with m ∈ S1 ⊂ C
(corresponding to rhombic tori).
Example 1 ( The Lawson surfaces ξk,l ). Choose (k, l) ∈ N2 and let q = (l−1)(2k+2)(2l+2)(k−1) . We
consider the corresponding generalized Whitham flow starting at the Clifford torus which
has square conformal structure. This implies that there is an additional symmetry on the
Riemann surface Tˆ 2 = (C/2Z+2iZ) and its Jacobian which is given by the multiplication
by i. The Riemann surface T 2 is also a square torus and inherits the extra symmetry.
Thus by a similar argument as in Example 3.1 of [16] we obtain that all surfaces f t
within the flow starting at the Clifford torus are minimal. Let S ⊂ Tˆ 2 = C/(2Z + 2iZ)
be the square defined by the vertices [0], [1+i2 ], [1], [
(1−i)
2 ] ∈ Tˆ 2, see Figure 1. Since the
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coordinate lines of Tˆ 2 are curvature lines of the corresponding surfaces (by reality of the
Hopf differential), the diagonals are asymptotic lines. Because of the reality of the spectral
data, the diagonals are geodesics on the surface. Thus the image of the boundary of S
under the minimal immersion f t is a geodesic 4-gon. For t = k−12k+2 it is the geodesic
polygon used in [27] to construct the Lawson surfaces ξk,l, see also Figure 2.
5.2. Flowing 2-lobed Delaunay Tori. Now we turn to the other class of initial surfaces
considered in [16], namely the 2-lobed CMC tori of revolution. These are obtained by the
rotation of an elastic curve (with intrinsic period 2) in the upper half plane, viewed
as the hyperbolic plane H2, around the x-axis, where we consider S3 as the one point
compactification of R3, see [14, 25]. The conformal type of a CMC torus of revolution
is again rectangular and determined by a lattice Γˆ = 2Z + 2τZ for some τ ∈ iR>0. The
spectral curve of a CMC torus of revolution has genus 1 and has rectangular conformal
type. Thus it can be identified with
Σ = C/(Z+ τspecZ),
where τspec ∈ iR. Let ξ be the coordinate on the universal covering C of Σ. Then it is
shown in [16] that χ([0]) = 0 ∈ Jac(Tˆ 2) is the trivial holomorphic line bundle and that
dχ satisfies
(5.2) dχ = (a℘(ξ − τspec2 ) + b)dξ ⊗
pii
2τ
dw¯,
where ℘ is the Weierstrass ℘-function on Σ and a and b are real parameters uniquely
determined by ∫
τspec
(a℘(ξ − τspec2 ) + b)dξ = 0,∫
1
(a℘(ξ − τspec2 ) + b)dξ = 2.
(5.3)
Since piiτ is a lattice point of Jac(T
2) = C/(pii(1+τ)2τ Z +
pii(1−τ)
2τ Z)), the map χ is also well
defined as a map from Σ to Jac(T 2).
The Sym point condition is that there exist ξ1/2 ∈ Σ such that
χ(ξ1/2) ∈
pii(1± τ)
4τ
dw¯ + Λˆ,
which is again exactly the Sym point condition we pose in Theorem 5. Again the methods
used to prove Theorem 7 in [16] apply in our situation here and yield the following theorem.
Theorem 8. Let q ∈ R+ and τ ∈ iR give the conformal type of a 2-lobed Delaunay CMC
torus with χ : Σ→ Jac(T 2) as described above.
Further, let ρ0 = t and ρ1 = qt. Then for t ∼ 0 there exist a unique rectangular elliptic
curve λ+ : Σ
+ → CP1 together with an odd holomorphic map
χt+ : λ
−1
+ ({λ | |λ| < 1 + }) ⊂ Σ+ → Jac(T 2)
and a lift Dt− : λ−1+ ({λ | |λ| < 1 + }) → A1(T 2) satisfying the conditions of Theorem 5
such that the induced parabolic structure is stable (see Theorem 4) for all λ inside the unit
disc.
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Moreover, for t ∼ 0, there exist a unique rectangular elliptic curve λ− : Σ− → CP1 together
with an odd holomorphic map
χt− : λ
−1
− ({λ | |λ| < 1 + }) ⊂ Σ− → Jac(T 2)
and a lift Dt− : λ−1− ({λ | |λ| < 1+})→ A1(T 2) satisfying the conditions of Theorem 5 such
that there is exactly one λ inside the unit disc where the induced holomorphic structure is
unstable.
Thus for every q ∈ R+ there exists two distinct flows starting at the 2-lobed Delaunay tori
through closed CMC surfaces with boundaries in the sense of Theorem 5. For rational t
and q the analytic continuation of the corresponding surface is closed and yield a compact
(possibly branched) CMC surface.
References
[1] U. Abresch, Constant mean curvature tori in terms of elliptic functions. J. reine u. angewandte Math.,
374, 1987.
[2] A. D. Alexandrov, Uniqueness theorems for surfaces in the large V. Vestnik Leningrad Univ. 19:13
(1958) 5–8; Amer. Math. Soc. Transl. (Ser. 2) 21 (1962) 412416.
[3] B. Andrews, H. Li, Embedded constant mean curvature tori in the three-sphere, J. Differential Geom.
99 (2015), no. 2, 169–189.
[4] Biswas, I. Parabolic bundles as orbifold bundles. Duke Math. J. 88, no. 2, 305–325 (1997).
[5] Biswas, I.; A criterion for the existence of a parabolic stable bundle of rank two over the projective
line, Internat. J. Math. 9, no. 5, 523–533 (1998).
[6] A. I. Bobenko, All constant mean curvature tori in R3, S3 ,H3 in terms of theta-functions. Math.
Ann. 290 (1991), no. 2, 209-245.
[7] S. Brendle, Embedded minimal tori in S3 and the Lawson conjecture. Acta Mathematica 211, 177–190
(2013).
[8] J. Dorfmeister, F. Pedit, H. Wu, Weierstrass type representation of harmonic maps into symmetric
spaces. Comm. Anal. Geom. 6 (1998), no. 4, 633-668.
[9] A. Gerding, Spectral methods for higher genus CMC surfaces. PhD thesis, University of Massachusetts
(2011).
[10] R. Gunning, Lectures on vector bundles over Riemann surfaces. University of Tokyo Press, Tokyo;
Princeton University Press, Princeton, (1967).
[11] L. Hauswirth, M. Kilian, M. U. Schmidt, Finite type minimal annuli in S2 × R, Illinois J. Math,
Volume 57, Number 3 (2013), 697–741.
[12] L. Hauswirth, M. Kilian, M. U. Schmidt, Properly embedded minimal annuli in S2 × R, Preprint:
arXiv:1210.5953 (2012).
[13] L. Hauswirth, M. Kilian, M. U. Schmidt, The geometry of embedded constant mean curvature tori in
the 3-sphere via integrable systems, Preprint: arXiv:1309.4278 (2013).
[14] L. Heller, Constrained Willmore Tori and Elastic Curves in 2−Dimensional Space Forms. Comm.
Anal. Geom., Vol 22, no. 2, pp 343–369 (2014).
[15] L. Heller, S. Heller, Abelianization of Fuchsian systems and Applications. Preprint: arxiv: 1404.7707
(2014).
[16] L. Heller, S. Heller, N. Schmitt Navigating the Space of Symmetric CMC Surfaces. Preprint: arxiv:
1501.01929 (2015).
[17] S. Heller, Higher genus minimal surfaces in S3 and stable bundles. J. Reine Angew. Math. 685 (2013),
105–122.
[18] S. Heller, Lawson’s genus two surface and meromorphic connections. Math. Z. 274 (2013), no. 3-4,
745–760.
[19] S. Heller, A spectral curve approach to lawson symmetric cmc surfaces of genus 2. Math. Annalen,
Volume 360, Issue 3 (2014), Page 607–652.
[20] S. Heller, N. Schmitt, Deformation of symmetric CMC surfaces in the 3-sphere. Exp. Math., Volume
24, Issue 1 (2015), pp 65–75.
[21] N. J. Hitchin, Harmonic maps from a 2-torus to the 3-sphere. J. Differential Geom. 31 (1990), no. 3,
627-710.
THE SPECTRAL CURVE THEORY FOR (k, l)-SYMMETRIC CMC SURFACES 17
[22] N. J. Hitchin, The self-duality equations on a Riemann surface. Proc. London Math. Soc. (3) 55
(1987), no. 1, 59-126.
[23] N. Kapouleas, Compact constant mean curvature surfaces in Euclidean three-space. J. Differential
Geom. 33 (1991), no. 3, 683–715.
[24] N. Kapouleas, Constant mean curvature surfaces constructed by fusing Wente tori. Invent. Math. 119
(1995), no. 3, 443–518.
[25] M. Kilian, M. U. Schmidt, N. Schmitt, Flows of constant mean curvature tori in the 3-sphere: The
equivariant case. to appear in J. Reine Angew. Math., DOI 10.1515/ crelle-2013-0079.
[26] M. Kilian, M. U. Schmidt, N. Schmitt, On stability of equivariant minimal tori in the 3-sphere. J.
Geom. Phys., 85, 171 - 176, 2014.
[27] H. B. Lawson, Complete minimal surfaces in S3. Ann. of Math. (2) 92 (1970), 335-374 .
[28] I. McIntosh, Harmonic tori and their spectral data, Surveys on geometry and integrable systems.
285–314, Adv. Stud. Pure Math., 51, Math. Soc. Japan, Tokyo, 2008.
[29] V. Mehta, C.S. Seshadri, Moduli of vector bundles on curves with parabolic structures. Math. Ann,
248, 205–239, (1980).
[30] M. S. Narasimhan, C. S. Seshadri, Stable and unitary bundles on a compact Riemann surface. Ann.
of Math., (2), 82 (1965), 540-564.
[31] U. Pinkall, I. Sterling, On the classification of constant mean curvature tori. Ann. of Math. (2) 130
(1989), no. 2, 407-451.
[32] G. Pirola; Monodromy of constant mean curvature surface in hyperbolic space, Asian J. Math. 11,
no. 4, 651–669 (2007).
[33] H.C. Wente, Counterexample to a conjecture of H. Hopf. Pacific J. Math. 121 , no. 1, 1986.
Lynn Heller, Institut fu¨r Mathematik, Universita¨t Tu¨bingen, Auf der Morgenstelle 10,
72076 Tubingen, Germany
E-mail address: lynn-jing.heller@uni-tuebingen.de
Sebastian Heller, Institut fu¨r Mathematik, Universita¨t Tu¨bingen, Auf der Morgenstelle
10, 72076 Tubingen, Germany
E-mail address: heller@mathematik.uni-tuebingen.de
Nicholas Schmitt, Institut fu¨r Mathematik, Universita¨t Tu¨bingen, Auf der Morgenstelle
10, 72076 Tubingen, Germany
E-mail address: nschmitt@mathematik.uni-tuebingen.de
